We establish that the unusual two-form gauge transformations needed in the GreenSchwarz anomaly cancellation mechanism fit naturally into an α ′ -deformed generalized geometry. The algebra of gauge transformations is a consistent deformation of the Courant bracket and features a nontrivial modification of the diffeomorphism group. This extension of generalized geometry emerged from a 'doubled α ′ -geometry', which provides a construction of exactly gauge and T-duality invariant α ′ corrections to the effective action.
Introduction
In this paper we study a deformation of the Courant bracket of generalized geometry that emerged in α ′ deformations of double field theory [1] , and relate it to the Green-Schwarz mechanism of anomaly cancellation [2] . The construction of [1] extends the original two-derivative effective field theory by higher-derivative corrections that describe the classical stringy geometry of the space-time theory. Indeed, while the Green-Schwarz mechanism uses a novel transformation of the antisymmetric tensor field to cancel a quantum anomaly of the space-time theory, this transformation is needed to cancel a one-loop world-sheet anomaly at genus zero [3, 4] . Therefore the modified gauge transformation is a feature of the classical space-time theory.
The 'doubled α ′ geometry' of [1] provides an exact deformation of the gauge structure of double field theory (DFT) [5] [6] [7] [8] [9] [10] by terms of O(α ′ ) in the gauge algebra and up to O(α ′2 ) in the gauge transformations and the invariant action. The action contains up to six derivatives in terms of a novel 'double metric' field and is exactly gauge invariant under the deformed gauge transformations. The relation to conventional actions written in terms of the metric g ij and the Kalb-Ramond field b ij has not yet been established beyond two derivatives. It was conjectured in [1] that this theory encodes part of the α ′ corrections of bosonic string theory but we explain here that it actually encodes a subsector of heterotic string theory. Specifically, this deformation encodes the gauge transformations implied by Green-Schwarz anomaly cancellation in heterotic string theory that modifies the three-form curvature of the b-field by a gravitational Chern-Simons term [2] [3] [4] . We show here that this leads to a gauge algebra that corresponds to a deformation of the Courant bracket of generalized geometry [11] .
The two-derivative DFT is defined on a doubled space and governed by the 'C-bracket' that in turn is a T-duality covariant extension of the Courant bracket of generalized geometry [5, 7] . In DFT a generalized vector V M , with O(D, D) indices M, N = 1, . . . , 2D, decomposes as V M = (Ṽ i , V i ), with a vector V and a one-formṼ , when restricted to the 'physical' D-dimensional subspace of the doubled space. In this case, the pair of vector and one-form can be viewed as a section V +Ṽ in T ⊕ T * , the direct sum of the tangent and co-tangent bundles. On any D-dimensional physical subspace, the C-bracket reduces to the Courant bracket. The α ′ deformation of the C-bracket yields a non-trivial deformation of the Courant bracket on the physical subspace [1] . We show that an exact realization of this bracket is given by the deformed gauge transformations of the b-field according to the Green-Schwarz mechanism. Conventionally, the gauge transformations of the Green-Schwarz mechanism are presented as deformed local Lorentz transformations, but we can also realize them as deformed diffeomorphisms. As a central result of this note we give the deformed diffeomorphisms on the two-form b = 1 2 b ij dx i ∧ dx j and show that they close according to the deformed Courant bracket. The gauge transformations of the metric are unchanged and the gauge transformations of b read
withξ the one-form parameter, L ξ the Lie derivative along the vector ξ, and Γ the Christoffel one-form connection. The component version of this equation is given in (2.37). The gauge algebra of these deformed transformations is governed by the deformed Courant bracket [· , ·] ′ defined by
where we defined the mapφ that, given any two vectors V and W , produces a 'one-form',
3)
The first line in (1.2) defines the standard Courant bracket. The first term on the right-hand side is the Lie bracket of two vector fields and defines the vector part of the bracket, while the remaining terms define the one-form part of the bracket. Here i ξ 1ξ 2 denotes the natural pairing between vectors and one-forms. The second line in (1.2) is the deformation of the bracket. Note thatφ is not a genuine one-form as the partial derivatives of vectors are not tensors;φ has an anomalous transformation under diffeomorphisms. While this deformation of the Courant bracket is not diffeomorphism covariant, there is a deformed notion of diffeomorphisms, with respect to which the deformed Courant bracket is covariant. We note that the exact term on the first line of (1.2) is not determined by closure of the gauge transformations on g and b. It is fixed, instead, by the requirement that transformations called B-shifts are automorphisms of the bracket [12, 13] . These transformations change b by the addition of a closed two-form B and act on the one-form gauge parameter as well. The B-shifts are also automorphisms of the [ , ] ′ bracket. Let us finally note that structures closely related to the construction of [1] have been discussed in [14, 15] . Ref. [14] obtained Courant structures in the context of a βγ-system and computed world-sheet loop corrections as in [1] . Worldsheet vertex operator algebras that exhibit α ′ corrections have also been investigated in [15] .
This note is organized as follows.
In sec. 2 we analyze the gauge transformations of [1] applied to the metric and b-field fluctuations to linearized order about a background. We show that, up to field and parameter redefinitions, they agree with those of the Green-Schwarz mechanism to linear order. The Green-Schwarz mechanism involves deformed local Lorentz transformations and Lorentz-Chern-Simons modifications of the field strength. In order to relate them to the deformed Courant bracket, we recast this formulation in terms of deformed diffeomorphisms and Chern-Simons modifications based on Christoffel symbols. These transformations close exactly according to the deformed Courant bracket. Next, in sec. 3, we review the relation between the undeformed C-bracket and Courant bracket. In particular, we use the opportunity to discuss how B-shifts are realized on the C-bracket. Finally, in sec. 4 we discuss the α ′ -corrected C-bracket of [1] from which the deformed Courant bracket [ , ] ′ arises. We give the deformed diffeomorphisms on the one-form and prove in a self-contained fashion the covariance of the deformed bracket under deformed diffeomorphisms introducing some useful notation.
We close with an outlook in sec. 5. In particular we discuss more general α ′ corrections, relevant both for bosonic and heterotic string theory. This will be considered in detail in an upcoming paper [16] . In appendix A we discuss the issues associated with the finite form of the deformed diffeomorphisms, and in appendix B we present some details of the proof of covariance of the deformed Courant bracket.
Green-Schwarz mechanism and deformed diffeomorphisms
In this section we analyze perturbatively the gauge transformations of the 'doubled α ′ geometry' in terms of the fluctuations of the metric and b-field. We perform the field redefinitions needed to show that the metric fluctuation transforms conventionally but that the b-field fluctuation receives a non-trivial modification in agreement with the Green-Schwarz mechanism. Then we give a non-linear extension as deformed diffeomorphism transformations on the b-field and show that they close according to a deformed bracket.
Perturbative clues
We start from the gauge transformations derived in [1] specialized to the fluctuations around a constant background, to the order relevant for a cubic action. The detailed derivation of these transformations will be presented in [16] . Projecting to the symmetric part h ij and the antisymmetric part b ij of the fluctuation, respectively, one finds deformed gauge transformations of the form
Here ǫ i andǫ i are the diffeomorphism and b-field gauge parameter, respectively, for the linearized gauge transformations. In this section we will consistently omit terms that are of zeroth order in α ′ and linear in fields, as these are irrelevant for our analysis. We also set α ′ = 1 as the O(α ′ ) corrections are readily recognized by their higher derivatives. In (2.1) we have a higherderivative deformation that is not present for standard Einstein variables. We now ask to what extent these deformations of the gauge transformations can be removed by a field and/or parameter redefinition. For the symmetric part of the fluctuation this is indeed possible by redefining h
To this order this leads to extra transformations δ 1 from the lowest-order, inhomogeneous variations in (2.1) of the higher-derivative terms. We compute
Comparing with the first equation in (2.1) we infer that the higher-derivative terms are precisely cancelled. This proves that the deformed gauge transformation for the symmetric part of the fluctuation is trivial and thus removable by a field redefinition. Let us now turn to the antisymmetric part of the fluctuation. The second term for δb in (2.1) can be removed by a combined field and parameter redefinition. In general we may perform a field-dependent redefinition ofǫ i ,ǫ 4) to arrive at an equivalent modified gauge transformatioñ
This shows that we can simply 'integrate by parts' ∂ i and ∂ j derivatives in δb ij exploiting possible parameter redefinitions. Therefore, δb ij in (2.1) is equivalent to
Due to the antisymmetry in i, j and k, l, the last term can be rewritten in terms of the three-form curvature
Performing next the field redefinition 8) it is manifest from the gauge invariance of H that the induced extra variation precisely cancels the final term in (2.7). Dropping the prime from now on, we have obtained:
Introducing the linearized spin connection 10) where at the linearized level the background vielbein e i a = δ i a allows one to identify curved and flat indices, this can be written as
An alternative form can be obtained by integrating by parts the ∂ i derivative, leading tõ 12) with the linearized Riemann tensor
The form (2.12) shows that the gauge algebra trivializes at the linearized level. Indeed, as the linearized Riemann tensor is invariant under linearized gauge transformations, acting in the commutator with the inhomogeneous lowest-order variation gives zero. However, as we will show in the next subsection, this is only an artifact of the linearization. Moreover, to this order in a perturbative expansion, the final form of the gauge transformations, either (2.11) or (2.12), cannot be reduced to the abelian gauge transformations by further field and/or parameter redefinitions, as we will now show.
In order to see that this deformation is indeed non-trivial we first observe that a modified three-form field strength that is invariant under the non-trivial gauge transformations (2.12), or alternatively (2.11), is given by
(2.14)
Gauge invariance under (2.11) can be easily verified using the gauge transformation of the linearized spin connection, δω
, and recalling the Bianchi identity
jk]pq = 0. Crucially, the modified three-form curvature is not closed but rather satisfies
This proves that the deformation (2.9) of the gauge transformation on b is non-trivial: a trivial deformation representing a field redefinition of b would lead to a gauge invariant field strength that is closed. The modification of the three-form field strength in (2.14), with its non-trivial Bianchi identity (2.15), is of course well-known from the Green-Schwarz mechanism for anomaly cancellation in heterotic string theory. We will show in the next subsection that its non-linear version, viewed as a deformation of the diffeomorphisms, defines a closed algebra with fieldindependent structure constants that will be related to the deformed Courant bracket.
Non-linear realization and Green-Schwarz mechanism
We start by recalling the standard formulation of the modified three-form curvature. This is written in terms of the Chern-Simons three-form Ω of the (Lorentz) spin connection ω,
where 17) and the spin connection ω m ab = −ω m ba determined in terms of the vielbein. Using forms, matrix notation, and traces for the flat indices we have:
where we define
Under local Lorentz transformations with parameters Λ ab = −Λ ba , a vector V transforms as
where flat indices are raised and lowered with the Minkowski metric. The spin connection then transforms as 20) or, in matrix and form notation,
The Chern-Simons three-form varies into δ Λ Ω = tr(dΛ ∧ dω), which is an exact form:
From this transformation behavior it follows that H(b, ω) can be made gauge invariant by assigning to b a non-standard variation under local Lorentz transformations,
This is the transformation needed for Green-Schwarz anomaly cancellation.
In the above we have deformed the local Lorentz transformations by assigning a non-trivial transformation to the Lorentz singlet b ij , but left the action of the diffeomorphisms unchanged (the Lorentz Chern-Simons term is a three-form under diffeomorphisms). Consequently, the diffeomorphism algebra is unaffected, but rather the Lorentz gauge algebra becomes non-trivial. An explicit computation with (2.23) shows that the deformed local Lorentz transformations close on b ij as
with the usual commutator of two Lorentz transformations and an extra one-form ξ 12 = ξ 12i dx i given bỹ
The gauge algebra is field-independent. 1 In order to make contact with the deformed Courant bracket we present now an equivalent form of the gauge transformation on b mn that deforms the diffeomorphisms rather than the local Lorentz transformations. Thus, here we use a modification of the three-form curvature by a Chern-Simons form based on the Christoffel symbols rather than the spin connection, i.e.,
where
In the language of forms and matrices we have tr (Λdω ), the result would have been an algebra with field-dependent structure constants.
where we define the matrix valued one-forms Γ as well as the matrix representation of the Christoffel symbols (Γ)
The Christoffel symbols are determined in terms of the metric by 30) and transform under diffeomorphisms as
It is convenient, for general objects A, to write δ ξ A = L ξ A + ∆ ξ A, where ∆ ξ A denotes the failure of A to transform as a tensor. In this notation ∆ ξ Γ k mn = ∂ m ∂ n ξ k , which we can write as
where we used the matrix notation (∂ξ) k n ≡ ∂ n ξ k . One may also verify that
With the help of the last two equations it is straightforward to show that the failure of the Chern-Simons form Ω(Γ) to be a tensor is an exact three-form:
Again, we can assign a suitable transformation ∆ ξ b so that the curvature H(b, Γ) is diffeomorphism covariant: ∆ ξ H = 0. The two ways of writing ∆ ξ Ω as an exact form give us two options:
At this point we can try to consider which option gives a non-linear completion of (2.12). 2 In component notation, the first option gives
One may verify, using (2.30) , that this expression reduces to (2.12) upon expansion about flat space with g ij = η ij + h ij . This transformation actually gives a gauge algebra with fielddependent structure constants. The second option in (2.35) is the analog of (2.23), and gives
or, in form notation,
The gauge algebra based on (2.38) is field-independent and can be directly related to the deformed Courant bracket to be discussed below. Indeed, a direct computation of the gauge algebra with (2.38) quickly yields
(2.39) 2 The choice to replace R (1) by the full Riemann tensor does not lead to the correct result.
Noting that exterior derivatives and Lie derivatives commute allows to simplify the first line, and another short calculation allows one to simplify the second term on the second line. The result is
We see that the right-hand side takes the form of a gauge transformation of b as in (2.38 
This shows that the gauge transformations (2.37) provide an exact realization of the deformed Courant bracket as the gauge algebra. Moreover, as the gauge transformations of the metric g mn are undeformed it is evident from (2.37) that the deformation is exact in α ′ .
Some remarks are in order regarding the equivalence of the Chern-Simons forms based on ω and Γ, see, e.g., [17] . For this purpose first recall that under transformations of the spin connection of the form
the Chern-Simons form transforms as follows:
When the matrix U is a Lorentz transformation, this is a gauge transformation from ω to ω ′ . If the matrix U is more general, ω ′ would not be a spin connection, but the above still holds as an identity relating the Chern-Simons terms constructed from ω and ω ′ . One can relate in this way the spin connection to the Christoffel connection. Indeed, by the 'vielbein postulate' these connections are related by
Recalling our matrix notation for these connections and introducing one more for the vielbein and inverse vielbein, This relation is of the form (2.41), with U = e, which is not a Lorentz transformation. It thus follows that
We see that the two Chern-Simons forms differ by an exact two-form and a closed three-form whose integral is associated with the winding number of the transformation matrix. Therefore, at least locally the difference between the two Chern-Simons forms is exact, and the field strengths H(b, ω) and H(b, Γ) can be made to agree after a field redefinition of b. Thus the two formulations can be treated as equivalent. 3 Given the above results, it follows that the construction of [1] gives a manifestly and exactly T-duality invariant theory that incorporates the α ′ corrections of the Green-Schwarz mechanism. Since we have a gauge invariant field strength H the action
is at least a subsector of the exactly T-duality invariant theory in [1] . Expanding the H 2 term above one obtains structures with up to six derivatives, which is as predicted by the full theory constructed in [1] . Most likely, when expressed in terms of g and b, the exactly duality invariant theory will have corrections to all orders in α ′ . We finally note that the above action corresponds to the truncation of heterotic string theory that sets the Yang-Mills gauge fields to zero. These gauge fields can be naturally included in DFT, at least for the abelian subsector,
with n the number of gauge vectors [5, 18, 19] . (See also [20] [21] [22] [23] for Courant algebroids in 'generalized geometry' formulations of heterotic strings.)
Courant bracket, C-bracket and their automorphisms
In this section we review the B automorphism of the Courant bracket and find its extension to the C-bracket. This automorphism is preserved by the deformation discussed in the next section. The Courant bracket for elements V +Ṽ ∈ T ⊕ T * , where V is a vector andṼ a one-form, takes the form
Here [V, W ] is the Lie bracket of vector fields, L denote Lie derivatives, and i VW = V iW i for a vector V = V i ∂ i and a one-formW =W i dx i . The last term on the right-hand side is an exact one-form. Its coefficient is fixed by the condition that the bracket have an extra automorphism parameterized by an arbitrary closed two-form B:
Here i V B is the one-form obtained by contraction: (i V B)(W ) = B(V, W ) or, more explicitly,
Under a B transformation the one-form part of an element of the algebra is shifted asṼ i →Ṽ i + V j B ji . The statement that a B transformation is an automorphism of the bracket means that
This property is readily checked using the identities
In the doubled geometry we have now generalized vectors V M (X) or ξ M (X) on a suitably generalized doubled manifold with coordinates X M , M = 1, . . . , 2D. These vectors and partial derivatives are decomposed as
. Generalized Lie derivatives are defined by 
is the analog of the Lie bracket. When we choose a section, say∂ i = 0, the C-bracket reduces to the Courant bracket.
We now ask: What is the automorphism of the C-bracket that corresponds to the Btransformation of the Courant bracket? In analogy to the earlier analysis we consider the transformation induced by an antisymmetric two-index generalized tensor B M N = −B N M :
Note that this transformation, infinitesimally, can be viewed as a local O(D, D) transformation. As such, it is somewhat surprising that it can be an invariance of the theory. The automorphism would require that
A short calculation shows that
It is now natural to demand, in analogy to the condition dB = 0 for the B automorphism of the Courant bracket, that
This eliminates the second line in (3.9), but this is not sufficient for the autormorphism to hold. There remain two problems. First, the bracket on the last term of the first line is a Lie bracket, not a C-bracket, as required for the automorphism. Second, the terms on the last line do not cancel. These difficulties are related and one clue is the fact that the condition (3.10) is not covariant under generalized diffeomorphisms. Denoting by ∆ ξ the failure of an object to be a generalized tensor, one quickly finds that
This is zero if we demand that B M N is 'covariantly constrained' (a notion introduced in [24] ) in the sense that derivatives along B vanish:
This condition helps in two ways. First we have that
since the extra term in the C-bracket has a derivative tied to the B field. Moreover, the first term on the third line of (3.9) vanishes. Therefore, so far we have
14)
The second line should still vanish. We can understand how this happens by looking in detail at the constraint B M N ∂ N = 0:
Solving the strong constraint by declaring∂ = 0 these conditions become
For these conditions to hold in all generality (namely, for brackets of arbitrary elements) we must set B ij and B i j = −B j i equal to zero, and the only surviving component of B M N is B ij :
This is the general solution of B M N ∂ N = 0. At this point, (3.10) requires that B ij is a closed two-form. This is consistent with the B automorphism of the Courant bracket, which should arise upon reduction to the non-doubled space. We now note that if B M N has only components B ij , then any contraction of indices between two B fields must vanish 18) where O and O ′ denote arbitrary factors that may include derivatives. The second line in (3.14) features such a contraction. Those terms thus vanish, showing that we have the B automorphism. In summary, the C-bracket has the automorphism 19) when the B field satisfies
Although, as noted above, (3.18) identically holds if the condition B M N ∂ N = 0 is solved, this does not seem derivable in an O(D, D) covariant way, and so here we included the last condition.
To understand better the automorphism, we consider the familiar automorphism of the C-bracket generated by generalized Lie derivatives. Indeed, for infinitesimal parameters λ we have that V → V + λ L ξ V is an automorphism since we have
The finite version of this automorphism holds for exponentials of generalized Lie derivatives,
We now argue that, at least locally, we can view an infinitesimal B transformation as generated by a Lie derivative. The condition ∂ [M B N K] = 0 implies that locally there exists a ξ M such that
Since B M N needs to satisfy B M N ∂ N = 0, we demand, in addition, that ξ K ∂ K = 0. (This is clear in the frame∂ = 0, since only B ij exists and thus we can set ξ i = 0 resulting in ξ K ∂ K = 0.) As a result, a generalized Lie derivative along ξ indeed amounts to a B transformation:
The generalization of the above discussion to the global aspects of a doubled (generalized) manifold may be of interest.
We conclude this section with a simple observation that explains why the reduction of generalized Lie derivatives of the doubled theory give automorphisms of the Courant bracket. Consider the expression (3.5) from the doubled geometry and set∂ = 0. We then find that the generalized Lie derivative of
The last term in the second equation can be written as a B-transformation:
Ordinary Lie derivatives, of course, generate autormorphisms of the Courant bracket. The generalized Lie derivatives that arise from the doubled theory are automorphisms as well, because the extra terms beyond ordinary Lie derivatives are B automorphisms.
Exact deformation of the Courant bracket
We now turn to the deformation of the C-bracket introduced in [1] , which reads
Let us discuss a few of its properties. First, because of the constraint (3.12), the B transformation (3.7) is also an automorphism of the deformed C-bracket. Indeed,
because the vector fields V and W in the extra term are contracted with derivatives and thus the B shift drops out. Since the C-bracket has the B automorphism (3.8)
where the last substitution is allowed because the vector index in the correction of the C-bracket is carried by a derivative. The B automorphism is thus unchanged.
The deformed C-bracket can be realized as the gauge algebra for deformed generalized Lie derivatives. On a vector these transformations read
which close according to (4.1). There is also a deformation of the inner product defined by the
Indeed, it is straightforward to verify that this transforms as a scalar under (4.4).
In the remainder of this section we investigate these deformed structures on the physical D-dimensional subspace and show how they provide a consistent non-trivial deformation of the Courant bracket of generalized geometry. Setting∂ i = 0, one finds for the C ′ -bracket that the vector part is not corrected, but the one-form part is,
Similarly, the deformed generalized Lie derivative on the vector part is not corrected but on the one-form part it is,
The deformed inner product (4.5) reads
The deformed Courant bracket has a non-trivial Jacobiator that is, however, exact. Specifically, the Jacobiator
where the cyclic sum has three terms with coefficient 1, reads
The Jacobiator takes a form fully analogous to that of the undeformed Courant bracket, but with the bracket and inner product replaced by the deformed bracket and inner product. This result follows immediately from the proof given [1] for the deformed C-bracket. The deformations above are the full deformations (no higher orders in α ′ are needed) and are mutually compatible in that the deformed bracket transforms covariantly under the deformed generalized Lie derivatives, etc. In the following we establish this in some detail in order to elucidate more the novel geometrical structures.
We start by introducing some useful index-free notation. For the partial derivative of a vector V we use a matrix notation and, moreover, if we want to stress the interpretation of V as a differential operator we put a vector arrow on top,
The partial derivative ∂V is not a tensor of type (1, 1). Rather, it has an anomalous transformation under infinitesimal diffeomorphisms δ ξ V ≡ L ξ V generated by Lie derivatives. Indeed, a quick computation in local coordinates gives
Here, with slight abuse of notation, we mean that L ξ acts on ∂V like on a (1, 1) tensor, while the second term is the anomalous term reflecting that ∂V is in fact not a tensor. In index-free notation (4.12) reads
Below we will need the bilinear symmetric operation that acting on two vectors gives a function:
We stress that while ϕ(V, W ) has no free indices, it is not a scalar built from V and W . As the notation suggests, ϕ(V, W ) can be viewed as the trace of the matrix product of the matrices ∂V and ∂W . In terms of this symmetric function the deformed inner product (4.8) becomes
We also need an objectφ(V, W ) that, given two vectors V and W , gives a 'one-form' 16) where the ∂ i does not interfere with the trace operation. In components we writẽ
Note that while still bilinear,φ(V, W ) is not symmetric under the exchange of V and W , as the extra derivative associated with the one form acts on the first vector. We can now write the deformed Lie derivative on a one-form in (4.7) as
For the vector and one form parts taken together we have
Recognizing that the undeformed variations are 20) we can write δ
Finally, the deformed Courant bracket (4.6) can also be written neatly usingφ:
Of course, we also have 24) where the first term on the right-hand side is the original Courant bracket. The B automorphism also holds: 25) as can be easily verified directly.
Let us now prove that the deformed inner product (4.15) transforms covariantly under the deformed Lie derivative (4.19), i.e., 26) where the second equality holds because on scalars the deformed Lie derivatives are defined to act as ordinary ones. Using the expansion (4.21) and noting that the original inner product is covariant under the standard Lie derivatives, we get the condition:
Sinceδ does not act on vectors, we can delete the prime on the second term of the left-hand side and get
Reordering the terms we find that this requires
This equation encodes the fact that the pairing ϕ is non-tensorial. However, by virtue of this relation, the full inner product (4.15) is tensorial (in fact, a scalar) in the deformed sense. The proof of (4.29) is straightforward. Writing ∆ ξ ≡ δ ξ − L ξ , we have by (4.13) that ∆ ξ (∂V ) = − V (∂ξ). We thus compute
Recognizing that the left-hand side of (4.29) is by definition −∆ ξ ϕ(V, W ), this completes the proof of (4.29) and thus of the covariance of the inner product (4.15) in the deformed sense.
We now want to establish that the deformed bracket [· , ·] ′ transforms covariantly in the deformed sense (4.19), i.e.,
The covariance of the Courant bracket gives us 32) and therefore condition (4.31) requires
(4.33)
Writing out the variations this becomes
(4.34)
We now can reorganize it as follows:
This relation can be proved by a direct computation, whose details we present in Appendix B. This completes our proof of the covariance of the deformed Courant bracket.
Discussion and Outlook
We have shown that the unusual gauge transformations of the b-field required in the GreenSchwarz mechanism find a geometric description in an extension of generalized geometry. This extension is defined by a fully consistent α ′ deformation of the Courant bracket, found in the context of a C-bracket deformation in double field theory [1] . It was explained there that this is the unique field-independent α ′ deformation of the C-bracket. It is likely that the associated field-independent deformation of the Courant bracket is also unique.
In the standard approach, the Green-Schwarz transformations of the b-field are unusual Lorentz rotations. One must include b-field gauge transformations to close the Lorentz transformations. As we have shown, working with diffeomorphisms and b-field gauge transformations, the same physics results in a gauge algebra identified with a field-independent deformation of the Courant bracket. The realization of a deformed diffeomorphism symmetry on the b-field is novel. The deformed Courant bracket is covariant under suitable α ′ corrected diffeomorphisms. The Jacobiator of the deformed Courant bracket is an exact one-form, and the B-shift automorphism of the original bracket is preserved. These properties of the Courant bracket are guaranteed by the work in [1] but were explained here with suitable notation that does not use doubled coordinates. The utility of the doubled formalism is that it allows one to construct gauge invariant actions with α ′ corrections that are exactly T-duality invariant.
It is known that natural classical formulations of string theory make use of elements of the theory that are usually understood as requirements of the quantum theory. For example, free string field theory, which is clearly consistent in any dimension, uses a BRST operator that is only nilpotent in the critical dimension. Similarly, in this note we showed that the modifications of the b-field gauge transformations, originally required by the cancellation of a quantum anomaly, appears as part of the α ′ geometry of the classical theory. This is in accord with the discussion of [3, 4] that showed that the unusual b-field transformations are needed to cancel a one-loop anomaly of the world-sheet theory of heterotic strings.
This work began as an investigation of the gauge transformations of the theory described in [1] through a perturbative identification of the metric and b-fields (section 2.1). It can be seen that the α ′ corrections of this theory violate the b → −b symmetry of bosonic string theory. Thus [1] does not describe a subsector of bosonic closed strings, as originally expected, but rather a subsector of heterotic strings. While heterotic strings are oriented string theories they do not have a b → −b symmetry. The chiral CFT introduced in [5] and further developed in [1] thus seems to have an anomaly that is not a feature of bosonic strings. As it does not include the familiar Riemann-squared corrections but rather terms required by anomaly considerations, it appears to be a theory of 'topological' type.
Given this result, how does one describe the α ′ corrections of bosonic strings or heterotic strings [26, 27] , which include, among others the square of the Riemann tensor? Such an extension requires further deformations of the gauge structure of the two-derivative theory. In [16] we will report on a perturbative analysis of closed bosonic string field theory, which leads to the cubic action of O(α ′ ). To that order, the gauge algebra is a deformation of the C-bracket that involves background values of the generalized metric.
The natural language needed to discuss the action of deformed diffeomorphisms, especially 'large' ones, is yet to be developed. One needs an extension of generalized geometry that incorporates the α ′ deformed symmetry structures for the action on one-and two-forms, possibly extending the theory of gerbes. In DFT a first step would be to find a finite form of the α ′ corrected generalized diffeomorphisms, extending those given in [28] and studied in [10, [29] [30] [31] . A more complete picture should arise upon inclusion of the Riemann squared and other α ′ corrections into the structure.
Note added: At the completion of this work the paper [32] appeared, which aims to describe first-order α ′ corrections of heterotic string theory in DFT. In this construction the generalized Lie derivatives are not α ′ -deformed, but the duality group is extended.
A Comments on finite gauge transformations
In this appendix we discuss some subtleties of the deformed diffeomorphisms that arise once we consider finite transformations. The Christoffel symbols transform under arbitrary general coordinate transformations as
It is convenient to introduce matrix notation,
so that the transformation (A.1) can be written as The last term is a closed three-form, invisible for infinitesimal transformations x ′m = x m −ξ m (x), for which U = 1 + ∂ξ + O(ξ 2 ). Integrated over a three-manifold it yields the winding number of U . Locally we write it as the exterior derivative of a two-form j:
w(U ) ≡ − To linearized order in infinitesimal diffeomorphisms, for which we can ignore the last term, this indeed reduces to (2.38 This way of achieving gauge covariance under finite or large transformations is completely analogous to the Yang-Mills modification that is present already for the two-derivative N = 1, D = 10 supergravity [25] . For general finite or large diffeomorphisms it would be useful to have a closed form expression for the two-form j mn .
B Technical details for proof of covariance
In this appendix we explicitly prove equation (4.35), needed to establish the covariance of the deformed Courant bracket under deformed diffeomorphisms. First we need a few relations. An explicit computation in local coordinates shows
In matrix notation this can be written as For the remaining terms on the r.h.s. of (4.35) we first note, recalling that
Next we compute the two terms on the right-hand side of this equation. For the first one, where we used repeatedly the antisymmetry in (V ↔ W ) and the cyclic property of the trace.
On the other hand, we compute for the left-hand side of (4.35)
(B.9)
Due to the antisymmetrization in (V ↔ W ) this equals (B.8). This completes the proof of (4.35) and thus establishes the covariance of the deformed Courant bracket.
